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Abstract: This article deals with new concepts in a product MV-algebra, namely, with the concepts
of Rényi entropy and Rényi divergence. We define the Rényi entropy of order g of a partition in a
product MV-algebra and its conditional version and we study their properties. It is shown that the
proposed concepts are consistent, in the case of the limit of 4 going to 1, with the Shannon entropy of
partitions in a product MV-algebra defined and studied by Petrovi¢ova (Soft Comput. 2000, 4, 41-44).
Moreover, we introduce and study the notion of Rényi divergence in a product MV-algebra. It is
proven that the Kullback-Leibler divergence of states on a given product MV-algebra introduced
by Markechova and Rie¢an in (Entropy 2017, 19, 267) can be obtained as the limit of their Rényi
divergence. In addition, the relationship between the Rényi entropy and the Rényi divergence as
well as the relationship between the Rényi divergence and Kullback-Leibler divergence in a product
MV-algebra are examined.
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1. Introduction

The Shannon entropy [1] and Kullback-Leibler divergence [2] are the most significant and most
widely used quantities in information theory [3]. Due to their successful use, many attempts have been
done to generalize them. It is known that their important generalizations are the Rényi entropy and
Rényi divergence [4], respectively. These quantities have many significant applications; for example,
in statistics, in ecology, and also in quantum information.

Shannon’s entropy is defined in the context of a probabilistic model in the following way: if we
consider a probability space (€}, S, P) and a measurable partition £ = {Ej, Ey,...,E,} of (O, S, P),
then the Shannon entropy of £ is defined as the number H(£)= —Y_' ; P(E;)-log P(E;) (with the usual
convention that P(E;)-log P(E;) = 0, for P(E;) = 0).If E= {Ey,Ep,...,Ey} and F= {F, F, ..., Fy}
are two measurable partitions of (Q), S, P), then the conditional Shannon entropy of £ assuming a

realization of F is defined as the number H(E/F) = =Y/, 271:1 P(E;NF) -log P(lf(’pff) (with the
j

usual convention that 0 - log % =0ifx > 0). If £ = {E;, Ey, ..., E;} is ameasurable partition of (), S, P)

with probabilities p; = P(E;),i = 1,2,...,n, then its Rényi entropy of order g, where g € (0,1) U (1, 00),

is defined as the number H,(&) = 1%{1 log) !, p?. It can be shown that LI;EHHq (&)=Yl pi-log %,

thus the Shannon entropy is a limiting case of the Rényi entropy for 4 — 1. It is known that there is no
universally accepted definition of conditional Rényi entropy. The paper [5] describes three definitions
of conditional Rényi entropy that can be found in the literature. In [6], it is also possible to find a brief
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overview of various approaches to defining the conditional Rényi entropy, and in addition, a new
definition of conditional Rényi entropy was proposed. In [7], the authors introduced a general type of
conditional Rényi entropy which contains some of previously defined conditional Rényi entropies as
special cases. The proposed concepts have successfully been used in information theory [8], time series
analysis [9], and cryptographic applications [10]. However, no one of the proposed generalizations
satisfies all basic properties of Shannon conditional entropy. The selection of the definition therefore
depends on the purpose of application.

The present article is devoted to the study of Rényi entropy and Rényi divergence in product
MV-algebras. An MV-algebra [11] is the most useful instrument for describing multivalued processes,
especially after its Mundici’s characterization as an interval in a lattice ordered group (cf. [12,13]).
At present, this algebraic structure is being studied by many researchers and it is natural that there
are results also regarding entropy in this structure; we refer, for instance, to [14,15]. Also, a measure
theory (cf. [16]) and a probability theory (cf. [17]) were studied on MV-algebras. Of course, in some
problems of probability it is necessary to introduce a product on an MV-algebra, an operation outside
the corresponding group addition. The operation of a product on an MV-algebra was suggested
independently in [18] from the viewpoint of mathematical logic and in [19] from the viewpoint of
probability. Also, the approach from the viewpoint of a general algebra suggested in [20] seems
interesting. We note that the notion of a product MV-algebra generalizes some classes of fuzzy sets;
a full tribe of fuzzy sets (see e.g., [21]) presents an example of a product MV-algebra.

A suitable entropy theory of Shannon and Kolmogorov-Sinai type for the case of a product
MV-algebra has been provided by Petrovi¢ova in [22,23]. We remark that in our article [24], based
on the results of Petrovi¢ova, we proposed the notions of Kullback-Leibler divergence and mutual
information of partitions in a product MV-algebra. In the present article, we continue studying
entropy and divergence in a product MV-algebra, by defining and studying the Rényi entropy and the
Rényi divergence.

The rest of the paper is structured as follows. In the following section, preliminaries and related
works are given. Our main results are discussed in Sections 3-5. In Section 3, we define the Rényi
entropy of a partition in a product MV-algebra and examine its properties. It is shown that for g — 1
the Rényi entropy of order g converges to the Shannon entropy of a partition in a product MV-algebra
introduced in [22]. In Section 4, we introduce the concept of conditional Rényi entropy of partitions
in a product MV-algebra and study its properties. It is shown that the proposed definition of the
conditional Rényi entropy is consistent, in the case of the limit of g4 going to 1, with the conditional
Shannon entropy of partitions studied in [22], and that it satisfies the property of monotonicity and a
weak chain rule. In the final part of this section, we define the Rényi information about a partition X
in a partition Y as an example for the further usage of the proposed concept of the conditional Rényi
entropy. Section 5 is devoted to the study of Rényi divergence in a product MV-algebra. It is shown
that the Kullback-Leibler divergence in a product MV-algebra introduced by the authors in [24] can
be obtained as the limit of the Rényi divergence. We illustrate the results with numerical examples.
The last section contains a brief summary.

2. Preliminaries and Related Works

We start by reminding the definitions of basic terms and some of the known results that will be
used in the article. We mention some works related to the subject of this article, of course, without
claiming completeness.

Several different (but equivalent) axiom systems have been used to define the term of MV-algebra
(cf., e.g., [19,25,26]). In this paper, we use the definition of MV-algebra given by Rie¢an in [27], which
is based on the Mundici representation theorem. Based on Mundici’s theorem [12] (see also [13]),
MV-algebras can be considered as intervals of an abelian lattice-ordered group (shortly I-group).
We remind that by an I-group (cf. [28]) we understand a triplet (G, +, <), where (G, +) is an abelian
group, (G, <) is a partially ordered set being a latticeand x <y = x+z <y +z.
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Definition 1 ([27]). An MV-algebra is an algebraic structure A = (A, ®,*,0,u) satisfying the
following conditions:

(i) there exists an I-group (G, +, <) such that A = [0,u] = {x € G;0 < x < u}, where 0 is the neutral
element of (G,+) and u is a strong unit of G (i.e., u € G such that u > 0 and to every x € G there exists
a positive integer n with the property x < nu;

(i) @ and * are binary operations on A satisfying the following identities: x &y = (x +y) Au,
xxky=(x+y—u)VoO.

We note that MV-algebras provide a generalization of Boolean algebras in the sense that every
Boolean algebra is an MV-algebra satisfying the condition x @ x = x. For this reason, in order to
generalize the concept of probability on Boolean algebras, Mundici introduced in [29] the notion
of a state on an MV-algebra in the following way. Let A = (A, &, *,0,u) be an MV-algebra.
A mapping s : A — [0,1] is a state on A whenever s(0) = 0 and, for every x,y € A, the following
condition is satisfied: if x xy = 0, then s(x ®y) = s(x) + s(y). Since the definitions of product
MV-algebra and partition in a product MV-algebra are based on the Mundici representation theorem
(i.e., the MV-algebra operation @ is substituted by the group operation + in the abelian I-group
corresponding to the considered MV-algebra), in this contribution, we shall use the following
(equivalent) definition of a state which is also based on the Mundici representation theorem. This
means that the sum in the following definition of a state, and subsequently in what follows, denotes
the sum in the abelian /-group that corresponds to the given MV-algebra.

Definition 2 ([27]). A state on an MV-algebra A= (A, ®,,0,u) is a mapping s : A — [0,1] with the
following two properties:

(i) s(u)=1;
(ii) if x,y € Asuchthat x+y < u, then s(x +y) = s(x) +s(y).

Definition 3 ([19]). A product MV-algebra is an algebraic structure (A, &, *,-,0,u), where (A, ®,*,0,u) is
an MV-algebra and - is an associative and abelian binary operation on A with the following properties:

(i) foreveryx € A, u-x =x;
(ii) ifx,y,z€ Asuchthatx+y <u,thenz-x+z-y<wu,andz-(x+y)=z-x+z-y.

For brevity, we will write (4, -) instead of (A, @, *, -,0,u). A relevant probability theory for the
product MV-algebras was developed by Riecan in [30], see also [31,32]; the entropy theory of Shannon
and Kolmogorov-Sinai type for the product MV-algebras was proposed in [22,23]. We present the main
idea and some results of these theories that will be used in the following text.

As in [22], by a partition in a product MV-algebra (A,-), we understand any n-tuple
X = (x1,x2,...,%,) of elements of A with the property x; + xp + ...+ x, = u. In the system of all
partitions in a given product MV-algebra (4, -), we define the refinement partial order > in a standard
way (cf. [33]). If X = (x1,x2,...,x,), and Y = (y1,Y2,...,Ym) are two partitions in (4, -), then we
write Y > X (and we say that Y is a refinement of X), if there exists a partition {J(1),](2),...,J(n)}
of the set {1,2,...,m} such that x; = Z]’e](i) Yis fori = 1,2,...,n. Further, for two finite sequences
X = (x1,%2,...,%s),and Y = (y1,¥2,...,ym) of elements of A, we put X VY = (x; ypi=12,...,n,
j=12,...,m).IfX = (x1,x2,...,%,),and Y = (y1,Y2,...,Ym) are partitions in (4, -), then the system
X VY is a partition in (4, -), since /' ; Z}-":l X yi= (L xi) - (Z]'-”Zl yj) = u - u = u. Later we shall
need the following assertion:

Proposition 1. If X, Y, Z are partitions in a product MV-algebra (A, -), then it holds X VY = X, and Y = X
impliesYV Z - XV Z.



Entropy 2018, 20, 587 4 0f 19

Proof. The proof can be found in [33]. [J
The following example shows that the model studied in this article generalizes the classical case.

Example 1. Let us consider a probability space (), S, P) and put A = {Ig;E € S}, where Ig : QO — {0,1}
is the indicator function of the set E € S. The class A is closed with respect to the product of indicator
functions and it represents a special case of product MV-algebras. The mapping s : A — [0, 1] defined, for every
Ir € A, by s(Ig) = P(E), is a state on the considered product MV-algebra (A, -). A measurable partition
{E1,Ey,...,En} of (Q, S, P) can be viewed as a partition in the product MV-algebra (A, -), if we consider the
n-tuple (Ig,, Ir,, ..., Ig, ) instead of {E1,Ea, ..., En}.

Example 2. Let (Q,S,P) be a probability space, and A be the class of all S—measurable functions
f:Q —[0,1], so called full tribe of fuzzy sets (cf., e.g., [21,34]). The class A is closed with respect to the
natural product of fuzzy sets and it represents a significant case of product MV-algebras. The map s : A — [0,1]
defined, for every f € A, by s(f) = [ fdP, is a state on the product MV-algebra (A, -). The notion of a
partition in the product MV-algebra (A, -) coincides with the notion of a fuzzy partition (cf. [34]).

Definition 4. Let s be a state on a product MV-algebra (A, ). We say that partitions X,Y in (A,-) are
statistically independent with respect to s, if s(x - y) = s(x) - s(y), forevery x € X, andy € Y.

The following definition of entropy of Shannon type was introduced in [22].

Definition 5. Let X = (x1, X, ..., Xy ) be a partition in a product MV-algebra (A, -) and let s : A — [0, 1] be
a state. Then the entropy of X with respect to s is defined by Shannon’s formula

Hy(X) = =Y s(x;) - logs(x;). (1)
If X = (x1,x2,...,%n),and Y = (y1,Y2,...,Ym) are two partitions in (A, -), then the conditional
entropy of X given y; € Y is defined by

n

Hs(X/y;) = *Zs(xi/yj) -logs(x;/y;),

i=1

where 5iv)
S xi-y]- . . .
su/yy) =4 s o Es) >0 @
0, if s(y;) = 0.
The conditional entropy of X given Y is defined by
nom S XY
Hy(X/Y) = Es 0 Ha(X/y) = =30 3 s(xi-y,) -log S 1) 3

j= i=1j=1 5 (]/])

Here, the usual convention that 0log % = 0if x > 0 is used. The base of the logarithm can be any
positive real number, but as a rule one takes logarithms to the base 2. The entropy is then expressed
in bits. The entropy and the conditional entropy of partitions in a product MV-algebra satisfy all
properties that correspond to properties of Shannon’s entropy of measurable partitions in the classical
case; for more details, see [22].

In [24], the concepts of mutual information and Kullback-Leibler divergence in a product
MV-algebra were introduced in the following way.
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Definition 6. Let X, Y be partitions in a product MV-algebra (A, -), and let s : A — [0, 1] be a state. We define
the mutual information between X and Y by the formula
(X, Y) = Hy(X) — Hs(X/Y). 4

Definition 7. Let s, t be states defined on a given product MV-algebra (A, ), and X = (x1,x2,...,Xn) bea
partition in (A, -). Then we define the Kullback—Leibler divergence Dx (s || t) by the formula

Dx(s || £) = Yy (%) -log iEiﬁf? ‘ K

The logarithm in this formula is taken to the base 2 and information is measured in units of bits.
We use the convention that x log § = oo if x > 0, and Olog % =0ifx > 0.

In the proofs, we shall use the Jensen inequality which states that for a real concave function
@, real numbers ay,4y,...,a, in its domain and nonnegative real numbers cy,cy,...,c, such that

Y. ¢ =1,itholds
‘P<Z?:1 Ci“l‘) >y ciglar), (6)

and the inequality is reversed if ¢ is a real convex function. The equality holds if and only if
a1 =ap = ... =a, or ¢ is linear.
Further, we recall the following notions.

Definition 8. Let D be a non-empty set and f : D — R be a real function defined on it. Then the support of f
is defined by supp (f) = {x € D;f(x) # 0}.
Definition 9. Let f:D — R be a real function defined on a non-empty set D. Define the g-norm, for

1 < g < oo, or g-quasinorm, for 0 < q < 1, of f as

£ = (Lo F17)".

3. The Rényi Entropy of a Partition in a Product MV-Algebra
In this section, we define the Rényi entropy of a partition in a product MV-algebra (4, "),

and examine its properties. In the following, we assume that s : A — [0,1] is a state.

Definition 10. Let X = (x1,xp,...,X,) be a partition in a product MV-algebra (A, -). Then we define the
Rényi entropy of order q, where q € (0,1) U (1, 00), of the partition X with respect to s as the number:

1
L—q

HS(X) =

n
log Y " s(x;)". @)
i=1
Remark 1. In accordance with the classical theory, the log is to the base 2 and the Rényi entropy is expressed in
bits. For simplicity, we write s(x;)7 instead of (s(x;))7 and log Y1 s(x;)7 instead of log (X s(x;)7).

Let X = (x1,x2,...,X,) be a partition in (A, -). If we consider the function sx : X — R, defined,
for every x; € X, by sx(x;) = s(x;), then we have

==

Isx llo= (L sx)") ",
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and the Formula (7) can be expressed in the following equivalent form:

H;(X) = 1 10g([l 5x ll)- ®)

Example 3. Let X = (x1,x2,...,%x,) be any partition in a product MV-algebra (A, -). Let s : A — [0,1] bea
uniform state over X, i.e., s(x;) = %,for i=1,2,...,n. Then

0= g () -

1
logn!™1 = logn.
—q
Example 4. Let us consider any product MV-algebra (A, -), and the partition E = (u) in (A, -) that represents
an experiment resulting in a certain event. It is easy to see that Hy(E) = 0.

Remark 2. It is possible to verify that the Rényi entropy Hy(X) is always nonnegative. Namely, for q € (0,1),
and i = 1,2,...,n, we have s(x )’1 > s(x;), hence Y11 s(x;)) > YL s(xi) = s(Xqx;) = s(u) = 1.

It follows that HS( ) = log Z s(x;)7 > 0. On the other hand, for g € (1,00),and i = 1,2,...,n, it holds
s(x;)T < s(x;), hence Z s(x)T < i s(x;) = 1. The assumption q € (1,00) implies 1%{4 < 0, therefore,
i=1 i=1
we get Hy(X) = 1%qlog Z s(x;)T > 0.
i=1

At g = 1 the value of the quantity H;( ) is undefined since it generates the form . In the
following theorem, it is shown that for 4 — 1 the Rényi entropy Hj(X) converges to the Shannon
entropy of a partition X in (4, -) defined by the formula (1).

Theorem 1. Let X = (x1,xp, ..., Xy) be any partition in a product MV-algebra (A, -). Then

lim H (X) = =} 5y s(xi) - log s(xi)-

Proof. Put f(q) = logY! ;s(x;)7, and g(q) = 1 — g, for every q € (0,00). The functions f, g are

differentiable and for every g € (0,1) U (1,0), we have Hy(X) = fa E ; Evidently, 11rng(q) =0,

and lin} flg) = lin} log Y 1 s(x;)7 =log Yl ; s(x;) = log1 = 0. Using L'Hopital’s rule, thls yields that
q— q—

lim Hy (X) = lim L) under the assumption that the right hand side exists. It holds - ¢(7) = —1, and
g—1 q%]g (7) q

n

#5110 = oy X g ()
_ 1 (s N 1N .
= Wigs(xl)qlns(xl) = Wigs(xl)qlogs(xl).

Note that the calculation of the derivative of function f is easily done by using the identity b* = e*In?.

We get

n

= ‘7 — . .
%gr}Hq(X) %13}2 i Zs )T logs(x gS(XZ) logs(x;),

which is the Shannon entropy of X defined by the Formula (1). O

In the following theorem it is proved that the function H;(X) is monotonically decreasing in 4.
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Theorem 2. Let X be any partition in a given product MV-algebra (A, -), and g1,q2 € (0,1) U (1, 00). Then
q1 = gz implies Hy (X) < Hp (X).

Proof. Suppose that X = x1, xp, ..., x, and q1,4q2 € (1,00) such that q; > g,. Then the claim is
equivalent to the inequality

(S sta™) ™ 2 () ste®) ™

The above inequality follows by applying the Jensen inequality to the function ¢, defined, for every
-1

2
x € [0,00), by ¢(x) = x%1 1. The assumption g1 > g, implies 2= < 1, hence the function ¢ is concave.

71 —1
Putting ¢; = s(x;), and a; = s(x;)"~ 1i=1,2,...,n inthe inequality (6), we get

(Eiys(x)™)m 1:( ?le(xi)s(xi)ql_l)(ql%%

1

) ([E?_1s<xi>s<xi>ql1}21>W2( as(a)s(e)® ) T = (T o)) R

The case where q1,42 € (0,1) is obtained in an analogous way. Finally, the case where q; € (1, 0),
and ¢, € (0,1) is obtained by transitivity. (J

Example 5. Consider any product MV-algebra (A, ), and a state s : A — [0,1]. Let x € A withs(x) = p,
where p € (0,1). Then s(u — x) = 1 — p, and the pair X = (x,u — x) lS a partition in (A, -). If we put
p = %, then we have Hg(X) = 1 bit, for every q € (0,1) U (1,00). Put p = 3. 1. By simple calculations we get
H; ,,(X) = 0.958 bit, HS( ) = 0.848 bit, H; ,5(X) = 0.972 bit. So, it holds H;(X) < H; ,(X) < Hj 5(X),
which is consistent with the property proven in the previous theorem.

Theorem 3. Let X, Y be partitions in a product MV-algebra (A, -) such that Y = X. Then H3(X) < Hy(Y).

Proof. Suppose that X = (x1,x2,...,x,),Y = (y1,Y2,...,Ym),Y > X. Then there exists a partition
{J(1),](2),...,](n)} of the set {1,2,...,m} such that x; = Zje](i) yj, for i = 1,2,...,n. Hence

s(xz-) = S(Zje](i) y]) = Zje](i) S(y]), fori= 1,2,. .. n

(i) Consider the case when g € (1,00). Then s(x;)7 = (Zjel(i)s(yj))q > Yieyi) s,
fori =1,2,...,n, and consequently
n " m
Y s(x)T =), Zje](i)s(y]) ) s(y;)!
i=1 j=1

Therefore, we get

logz s(x;) 7> logZ] 1 y]

In this case we have ﬁ < 0, hence

Hq( log Z

i logz ]/] )1 = HS(Y)
=
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(ii) Consider the case when g € (0,1). Then s(x;)7 = (Z]e]() (y]))q < Yieri) sy,
fori =1,2,...,n, and consequently

Y s < Y sy

Therefore, we get

log) " | 1 <log Z

In this case we have ﬁ > 0, hence

1

Hy(X) = 1ogz qlogz (y))T = Hy(Y).

=

O

As an immediate consequence of the previous theorem and Proposition 1, we obtain the
following result.

Corollary 1. For every partition X,Y in a product MV-algebra (A, -), it holds

H(XVY) > max [H;(x), HZ(Y)] . )

Example 6. Consider the measurable space ([0,1], B), where B is the c—algebra of all Borel subsets of the
unit interval [0,1]. Let A be the family of all Borel measurable functions f : [0,1] — [0,1]. If we define in the
family A the operation - as the natural product of fuzzy sets, then the system (A, -) is a product M\V-algebra.
We define a state s : A — [0,1] by the equality s(f fo x)dx, for any element f ofA It is easy to see
that the pairs X = (f1, f2), Y = (81,%2), wherefl( ) =x, fz( Y=1—xg1(x) = 2% @(x) =122,
x € [0,1], are partitions in (A, -) with the state values %, % and %, % of the corresponding elements, respectively.
The join ofpartitions X and Y is the system X VY = (f1-g1, -, f2- 81, f2- gz) with the state values
41;' }t, 13 12 of the corresponding elements. Using Formula (7), it can be computed that H 2(X VYY) = 1.903 bit,
H3(X VYY) = 1.710 bit. We have H3 ,,(X) = H5(X) = 1bit, H ,,(Y) = 0.958 bit, and H3(Y) = 0.848 bit.
It can be seen that the inequality (9) applies.

Theorem 4. If partitions X, Y in a product MV-algebra (A, -) are statistically independent with respect to's,
then Hy (X V'Y) = Hg(X) + Hg(Y).

Proof. Suppose that X = (x1,x2,..., %), Y = (Y1, Y2, ..,Ym). Let us calculate:

0

4. The Conditional Rényi Entropy in a Product MV-Algebra

In this section, we introduce the concept of conditional Rényi entropy H;(X/Y) of partitions
in a product MV-algebra (4, -), analogously to [6]. It is shown that the proposed definition is
consistent, in the case of the limit of g4 going to 1, with the conditional Shannon entropy defined
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by Equation (3). Subsequently, by using the proposed notion of conditional Rényi entropy, we define
the Rényi information about a partition X in a partition Y.

Let X = (x1,x2,...,%,), and Y = (y1,¥2,-...,Ym) be two partitions in a product MV-algebra
(A,-), and yj € Y be fixed. If we consider the function sy K X — R, defined, for every x; € X,
by sx/y,(xi) = s(xi/y;), then we have

sy, o= (
1

Definition 11. Let X = (x1,X2,...,Xn), and Y = (y1,Y2,...,Ym) be partitions in (A,-). We define the
conditional Rényi entropy of order q, where q € (0,1) U (1, 00), of X given Y by the formula

1
q

S(xi/]/j)q> .

1=

I
—_

Hy(x/) = log(zswj) I sx, ||q>. (10)

j=i

Remark 3. In the same way as in the unconditional case, it can be verified that the conditional Rényi entropy
H;(X/Y) is always nonnegative. Let X = (xl,xz,..'.,xn) be any par'tition in (A,-), and E = (u).
Since sx,,(xi) = s(xi/u) = s(x;) = sx(x;), for i = 1,2,...,n, it holds || sx;, |4=| sx g
and consequently

H(X/E) = —L S10g(s(u) Il sxu ly) =

q _ s
: T tog(ll sx lly) = Hy(x).

1
Proposition 2. Let X = (x1,X2,...,Xy) be a partition in a product MV-algebra (A, -) and let s : A — [0,1]
be a state. Then:

(i) Yiqis(xi-y) =s(y), forany element y € A;
(ii) Y qs(x;/y) =1, for any element y € A such that s(y) > 0.

Proof. The proof of the claim (i) can be found in [33]. If y € A such that s(y) > 0, then using the
previous equality, we get

gs xi/y) = (1;5 z(i;—l.

0

Theorem 5. Let X = (x1,%x2,...,%,), and Y = (y1,Y2, ..., Ym) be partitions in (A, -). Then

) L S(xi “Yj)
11mH (X/Y) = s(x; .
g—1 1221]; ' y] S(y])

Proof. For every g € (0,1) U (1,00), we have

log<fs<y]-> I sxsy ||q> O

) q m
H(X/Y)=-——1lo E s(yi) || sx/y. = —
q( ) 1—‘7 g(j_l (y]) H X/y; ||q> 1_ 5 g q)

1
q

where f and g are continuous functions defined, for every g € (0, ), by the equalities

f(a) = log<fs<yj> I sxsy, |q>, s =1-1.

j=1
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The functions f and g are differentiable and evidently, lirq ¢(q) = 0. Also, it can easily be verified that
q—

lin}f(q) = 0. Indeed, if we put § = {j;s(y;) > 0}, then using Proposition 2, we get
q—

i=1

= log<‘2 s(y]-) i S(?y))> log<): Y os(x;- y]))
jeo

i=1 jedi=1

= log<‘2 S(]/j)) = 10g<f S(y7)> =log1=0.
je€s j=1

lim(g) = log <j§5(3/j)iés(xi/]/j>> = 10g<,2 () %2 S<xi/%‘)>

Using L'Hopital’s rule, it follows that limH3(X/Y) = —lim M, under the assumption that the
g1 1 g—18 (@)

right-hand side exists. Let us calculate the derivatives of the functions f and g. We have d% <(q) = ;—2,
and d% flg) = (hq/ )('1721 5, where h(q) is the continuous function defined, for every g € (0,00), by the

formula h(q) = Z s(y;) Il sx /y; |4 with the continuous derivative 4’ for which it holds
]_

L 1 n 1 1
K (g) = s(vi) | sxsu lla- |—=InY s(x;j/y)T+ YT st s(x;i/y;) T Ins(x;/
(9) ]; (i) I sx/y; llg po Z; (xi/yj) 1T 5079 qg y)) Ins(xi/y;) |-

Analogously as in the proof of Theorem 1, we used the identity b* = e*!"? to calculate the
derivative of function h.

We get
A n (i)
limf'(q) s s(x;i/y;) Ins(x;/ s(x;-y;)lo )
qalf lnzz Y l; yf ]/] ]; = i ]/] g (]/])
It follows ( )
. S Xi-Yj
IimHS(X/Y —11m s(x; ,
q%l q( ) f IZ]]Z 1 y] S(y])

which is the conditional Shannon entropy of X given Y defined by Equation (3). [
Theorem 6 (monotonicity). Let X and Y be partitions in a product MV-algebra (A, -). Then

H(X/Y) < H(X).

Proof. Let X = (x1,%2,...,%n), Y = (Y1,Y2,-- -, Ym). Then by Proposition 2, it holds s(x;) = ¥i"1s(x; - y}),
fori =1,2,...,n.Suppose that g € (1, c0). Then, using the triangle inequality of the g-norm, we get

()T = Xy (S sy ) = (( (T s y;))"f)
= (1 rsxvy )" < (S Usxu o) = (S0 s ) lsxy, llg)

It follows that

q

q
log Yy s(xi)? < log (Y, s(w) |l sxyy, lla)
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and consequently

q
Hy(X) = pljlog oy s(x)? > L5 10g (X0 s(w) x4, o)
= L log (T s(yy) Il sxy, llg) = Hy(X/Y).

For the case where q € (0,1), we putr = % By writing the Rényi entropy in terms of the %—norm

. . . . 1
and using the triangle inequality for the -horm, we get

1

1 r
7

= rlog iy (X0 s yy) )

1
P> ylog | Ty sl yuy I

H3(X) = ﬁ log Yt g s(x;)T = L5 log Y ¢ s(x;)
1

= ;ylog i, || S(xi)\/lg

1\

- rtn(s (52 ) ) = (52 (5 500 )

= Arlog(Eja sty (T s(a/w)' ) ) = rlglos| s sy lls ) = Hi(X/Y).

~|

r

0

Theorem 7. If partitions X, Y in a product MV-algebra (A, -) are statistically independent with respect to s,
then Hy(X/Y) = H(X).

Proof. Suppose that X = (x1,x2,...,X1), Y = (y1,Y2,--.,ym), and put & = {j;s(y;) > 0}. Since it
holds ¥je;5(yj) =Lj%15(yj) =1, we get

n i n o o(x)s(y: )7 i
H3(X/Y) = 1L7mg< ) (£ sturm)?) ) - ﬁ_qlog(z sty £ )
3

O

Theorem 8. Let X, Y be partitions in a product MV-algebra (A, -), and g1, g € (0,1) U (1,00). Then q1 > q»
implies Hy (X/Y) < Hp, (X/Y).

Proof. Suppose that X = (x1,x2,...,x4), Y = (Y1,Y2,...,Ym), and q1,q2 € (1,0). Then the claim is
equivalent to the inequality

q1 92

m a1 m 71
(ZS(%) I sx/y; ||q1> >< s(i) Il sx/y; |q2> . (11)

j=1

j=1

We prove this inequality by applying twice the Jensen inequality. First, we apply the Jensen
71(72=1)

inequality to the function ¢; defined, for every x € [0,00), by ¢1(x) = x72@1-U. The assumption

q1 > g2 implies that % < 1, hence the function ¢; is concave. Therefore, if we put ¢; = s(yj),

and a; =|| SX/y; llg:,7 = 1,2,...,m,in the inequality (6), we obtain
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. ﬂlgﬂz—ii a1
(Z}-":ls(yj) | SX/y; ||q1)'71 = [(Z?—l s(yj) |l SX/y; Hq1>42 0 ]

>

f]](‘h*}) -1 B ?2111) T
s () (1l sxy ||q])”<“>] :[z;-"_ls<yj>(z;-l_1s(xi/yﬂs(xi/yj)m )T ] .

Next, we apply the Jensen inequality to the function ¢, defined, for every x € [0,00),

qp—1
by ¢2(x) = x1~T. The assumption q; > g, implies Z?—j < 1, hence the function ¢; is concave.

Put c; = s(x;/y;), and a; = s(x,‘/y]‘)'71 Vi=1,2,...,n inthe inequality (6). Note that according to
Proposition 2, it holds I ; ¢; = 1. By the Jensen inequality we get

921 qz%l
[2}7'1_1 s(y)) (2?21 S(xi/yj)s(xi/yj)ql_l) ”(“_D]
42

_12
> {2}"—1S(yj)(Z?—ﬁ(xi/yf)qz);z]q2 - (E]’-”:ls(yj) IFsxry, ”‘42)’7271‘

By combining the previous results, we obtain the inequality (11). Analogously, we can prove the
inequality for the case where g1, 42 € (0,1). Finally, the case where g1 € (1,) and ¢, € (0,1) follows
by transitivity. []

In the following theorem, a weak chain rule for the Rényi entropy of partitions in a product
MV-algebra (4, -) is given.

Theorem 9. Let X = (x1,x2,...,%), and Y = (y1,Y2,...,Ym) be partitions in a product MV-algebra
(A,). Then
H;(X VY) < H;(X/Y) +log B,

where B = max{ WY € supp(s),j = 1,2,...,m}.

Proof. Put 6 = {j; s(yj) > 0}. The assertion follows by applying the Jensen inequality to the function
¢ defined by ¢(x) = x7, x € [0, 0), and putting ¢; = s(y;),a; =|| SX/y; lgj=12,...,m
Let g € (0,1). Then the function ¢ is concave, and therefore we get

m q

(S s ) sy, o) = S s (s, )
- N sy 1 \7~ R 7-1 v RY'
= L)L Ty = L (49) Els(xz y) 2 LA E -y

jes

It follows

Hy(X/Y) = 1410 (}f ) Il 53 ||q> > 1o (m LT ¥ sy )

jedi=1
1
_log‘5+17 Z

n m:

(xi ‘y]-)q = —logB+ Hy(XVY).

Consider now the case where g € (1, 00). Then the function ¢ is convex, and therefore we have

(22 5up) sz la)” < gt s (1 sy, )
_ 1 NI E SN (e
= Z(mp) Lot w) < Ep L stnen)
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Thus
qlog (X, sw) [l sxy; llg) < (9= 1)log B+log Yy Yoy s(xi- ).

Since 1 — g < 0, for g € (1,00), we get

Hy(X/Y) = ﬂlog<§ s(j) |l sxyy; ||q>

> §log B+ 2 ”IOg]Zl,Z s(x;- ;)T = —log B+ HS(X V Y).
(]
Remark 4. Let X = (xy,x2,...,%4), and Y = (y1,¥2,...,Ym) be partitions in (A,-).
Since X VY = YV X, it holds also the inequality Hy(X VYY) < Hy(Y/X) + loga, where

tx—max{ (1) x; € supp(s), i:l,2,...,n}.

Corollary 2. Let X = (x1,%2,...,%u),and Y = (y1,Y2,- .., Ym) be partitions in (A, -). Then:

(i)  Hy(XVY) < Hy(X) +logpB;
(i)  Hy(XVY) < Hy(Y) +loga,

where = max{ sy Yi € supp(s),j = 1,2,...,m},andzx :max{ Sy i € supp(s),i 1,2,...,11}.
Proof. The claim is a direct consequence of Theorems 6 and 9. [

Definition 12. Let X,Y be partitions in (A,-). We define the Rényi information of order q, where
g€ (0,1) U (1,00), about X in Y by the formula

I5(X,Y) = H3(X) — H(X/Y). (12)

Theorem 10. Let X, Y be partitions in (A, -). Then hmIS(X Y) = L(X,Y), where I;(X,Y) is the mutual
information of partitions X, Y defined by Equation (4)

Proof. The claim is obtained as a direct consequence of Theorems 1 and 5. [

Theorem 11. For arbitrary partitions X, Y in (A, -), it holds I3 (X, Y) > 0. Moreover, if X,Y are statistically
independent with respect to s, then I3(X,Y) = 0.

Proof. The claim is a direct consequence of Theorems 6 and 7. [J

5. The Rényi Divergence in a Product MV-Algebra

In this section, we introduce the concept of the Rényi divergence in a product MV-algebra
(A,-). We will prove basic properties of this quantity, and for illustration, we provide some
numerical examples.

Definition 13. Let s, t be states on a given product MV-algebra (A, -), and X = (x1,x2, ..., Xy) be a partition
in (A,-) such that t(x;) > 0, fori = 1,2,...,n. Then we define the Rényi divergence Dt;((s || t) of order q,
where g € (0,1) U (1, 00), with respect to X as the number

1 n .
— log;s(xi)qt(xi) .. (13)

Dy (s t) =
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Remark 5. The logarithm in the Formula (13) is taken to the base 2 and information is measured in bits. It is
easy to see that D‘;((s I s) = 0. Namely,

Dy (s )

7 log Zs x;)1

1 n 1
lo s(x;) =

1 log1 = 0.
The following theorem states that for § — 1 the Rényi divergence D{;{(s || t) converges to the
Kullback-Leibler divergence Dx (s || t) defined by the Formula (5).

Theorem 12. Let s, t be states on a given product MV-algebra (A, -), and X = (x1,x2, ..., x,) be a partition
in (A,-) such that t(x;) >0, fori=1,2,...,n. Then

EmDX (s | t):fs(xi).lo s(xi)

g—1 1 =1 & t(x;)
Proof. For every g € (0,1) U (1,), we have

Dy (s || ) = 1og2 s(x;)? 1q:@,

where f, ¢ are continuous functions defined, for every g € (0, c0), in the following way:

n

f(q) =log Y s(x)Tt(x;)' ", g(g) = g~ 1.

i=1

By continuity of the functions f, g, we have lin}f(q) = f(1) = log i s(x)t(x;)° = logl = 0,
q— i=1

and hmg(q) = g(1) = 0. Using L'Hopital’s rule, we get that lime(s | t) = limM, under
g—1 q qﬁlg (9)
H'(q)

_nq)
g)In2” where

the assumption that the right hand side exists. Since ¢’'(q) =1, and f'(q) =

h(g) = 1o s(aH(a)' 7, (g) = 1 (o) i S0,

i=1 i=1

we obtain

: X 1 / _ )
HmD (s | 1) = limf'() = -5} s(xi) In

The following theorem states that the Rényi entropy H;(X) can be expressed in terms of the Rényi
divergence D,;( (s || t) of a state s from a state ¢ that is uniform over X.

Theorem 13. Let s be a state on a product MV-algebra (A, ), and X = (x1,x2, ..., Xn) be a partition in (A, -).
Ifastate t : A — [0,1] is uniform over X, i.e., t(x;) = %,fori =1,2,...,n, then

H;(X) = Hy(X) = Dy(s || t) = logn — D (s || t).
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Proof. Let us calculate:

n B n 1-g
D (s | £) = gy log X s(x)t(x)'™" = gy log X s(x)" (1)
1

—q n
= gtrlog(h) "+ 7ylog L s(x)! = logn — H(X).

On the other hand, as shown by Example 3, it holds H}(X) = logn. (]

Example 7. Consider any product MV—algebm (A,-),and a state s : A — [0,1]. In Example 5, we dealt with
the partition X = (x,u — x) with s(x) = 3, and we calculated the Rényi entropy Hj ,(X) = 0.958 bit.

Let t : A — [0,1] be a state uniform over X, i.e., t(x) = t(u — x) = 1. Then the Rényi divergence D‘;((s Il t)

of order q = % is D1/2(5 | £) Zlog(\/% +4/%: ) = 0.04186 bit, and H{m( ) — Df/z(s It) =
1 —0.04186 = 0.958 bit. So, the equality Hj ,,(X) = H} ,,(X) — D{,(s | ) holds.

Theorem 14. Let s, t be states on a given product MV-algebra (A, -), and X = (x1,X2,...,Xxn) be a partition
in (A, -) such that s(x;) > 0,and t(x;) > 0, fori =1,2,...,n. Then D,f(s | £) > O with the equality if and
only if s(x;) = t(x;), fori =1,2,...,n

Proof. The inequality follows by applying the Jensen inequality to the function ¢ defined by

@(x) = x179, x € [0,00), and putting c; = s(x;), a; = ;g’;la, fori=1,2,...,n
Let us consider the case of g € (1,00). Then 1 — g < 0, therefore the function ¢ is convex. By the
Jensen inequality we obtain
)
i

n 1=q n
(L) = (L
log Zn:s(x,-)[’t(xi)l_‘7 > log1=0.

and consequently
i=1

~—

s(x;) (i)', (14)

1=

1—q "
)< s

i=1

~—

1

Since q%l > 0, for g € (1, 00), it follows that

D (s|t) long )1 > 0.

IN
=

n
Let g € (0,1). Then the function ¢ is concave, and therefore we get ) s(x;) ()t
i=1
and consequently

logZS )11 <log1=0.

Since qlTl <0, for g € (0,1), it follows that

n
L log Y s(xi)H(x)! 1 > 0.
- i=1

Dy (s t) =

The equality in (14) holds if and only if tEx’g is constant, fori = 1,2,...,n, i.e, if and only if
t(x;) = k-s(x;), fori =1,2,...,n. By summing overalli = 1,2,.. nwegetZl 1H(x) = k- s(xi),
which implies that k = 1. Hence s(x;) = t(x;), for i = 1,2,...,n. Therefore, we conclude that
Dg((s | t) = 0if and only if s(x;) = t(x;), fori =1,2,...,n.0
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Corollary 3. Let s be a state on a product MV-algebra (A, -), and X = (x1,x,...,Xy) be a partition in (A, -)
such that s(x;) > 0, for i = 1,2,...,n. Then Hy(X) < logn with the equality if and only if the state s is
uniform over X.

Proof. Let t : A — [0,1] be a state uniform over X, i.c., t(x;) = %, fori =1,2,...,n. Then according to
Theorems 14 and 13, it holds
0< D?(s | t) = logn — Hy(X),

which implies that H3(X) < logn. Since the equality Dé( (s || t) = 0 applies if and only if s(x;) = (x;),
fori=1,2,...,n, the equality Hy(X) = logn holds if and only if the state s is uniform over X. [J

Example 8. Let us consider any product MV-algebra (A, -), and states s1, sy, s3 defined on it. Let x € A with

si(x) = p;, where p; € (0,1), fori =1,2,3. Then s;(u — x) =1 — p;, for i = 1,2, 3. Further, we consider the
partition X = (x,u — x) in (A, ). Putting p1 = 1, po = 1, p3 = 1, and q = 2, we obtain

ot 150 s (3)-(3) " (3)(2) ] < oaeme

)
DX(s1 || s3) = log < )2 < ) o ( ) (z>_1: = 0.4150 bit;
)

DX(sy || s3) = log ()2 <‘11 1+( ) '(D_l- = 0.0525 bit.

For q = 3, we get DY (sy || s2) = 0.04186 bit; D)X (sy || s3) = 0.1 bit; DY (sy || s3) = 0.0122 bit. Evidently,
in both cases mentioned above,

W

ANy
+

1
2
2
3

DX (s1 || s3) > D) (s1 || s2) + D) (s2 || s3)-

This means that the triangle inequality for the Rényi divergence generally does not apply. The result means that
it is not a metric in a true sense.

Theorem 15. Let s, t be states on a given product MV-algebra (A, -), and X = (x1,X2,...,Xxu) be a partition
in (A, -) such that s(x;) > 0,and t(x;) > 0, fori =1,2,...,n. Then:

(i) 0<gq<1implies D{;{(s I £) < Dx(s | t);
(ii) g > 1implies D‘;{(s || £) > Dx(s || t),

where

o= )

Proof. We prove the claims by applying the Jensen inequality to the concave function ¢ defined,

1
for every x € (0,00), by ¢(x) = logx. If we put ¢; = s(x;), and a; = (ig;lg)q Jfori=1,2,...,n,
in the inequality (6), we get

n -1
log 1 s(x))"#(x)' 7 = log X s(x) (5’

-1 n
Dlog (L) = (-1 ) log $62).
> zls<x J1og(524)" = (7= 1) X s(xi) log 53]

1=
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(i) Supposethat0 < g < 1. Then q%l < 0, and therefore we obtain

D (s 1) = plog -s(a)H(x) !~ < Yol log 364 = D ).

(ii) Suppose thatq > 1. Then q%l > 0, and we get

D (+110) = ;- 1o Y)Y log 5 = D | 0.

To illustrate the result of previous theorem, let us consider the following example which is a
continuation to Example 6.

Example 9. Consider the product MV-algebra (A, -) from Example 6 and the real functions Fy, F, defined by
Fi(x) = x, B(x) = x2, for every x € [0,1]. On the product MV-algebra (A, -) we define two states s1,s, by
the formulas s;(f) = fol f(x)dF(x),i = 1,2, for any element f of A. In addition, we consider the partition
X = (I 0,1y I i ,1]> in (A,-). It can be easily calculated that it has the s1-state values %, % of the corresponding

elements, and the s-state values %, g of the corresponding elements. By using Formula (5), it can be calculated the
Kullback-Leibler divergences Dx (s1 || s2) = 0.25163 bit, and Dx(sy || s1) = 0.19281 bit. Further, by simple
calculations we obtain: DX (sy || s7) = 0.58496 bit, Dy (sy || s1) = 0.28951 bit, D{ 5 (s1 || s2) = 0.0707 bit,
and Df/?)(sz | s1) = 0.07736 bit. As can be seen, for q = %, we have D,f(sl | s2) < Dx(s1 || s2),
Df(sz | s1) < Dx(sa2 || s1), and for g = 2, we have Dé((sl | s2) > Dx(s1 || s2), D,;((sz | s1) >
Dx(sy || s1). The obtained results correspond to the claim of Theorem 15. Based on previous results, we
can also see that the Rényi divergence D‘;((s || £), as well as the Kullback—Leibler divergence Dx (s || t),

is not symmetrical.

6. Conclusions

The aim of this paper was to generalize the results concerning the Shannon entropy and
Kullback-Leibler divergence in a product MV-algebra given in [22] and [24] to the case of Rényi
entropy and Rényi divergence. The results are contained in Sections 3-5. In Section 3, we have
introduced the concept of Rényi entropy Hj(X) of a partition X in a product MV-algebra (4, -), and we
examined properties of this entropy measure. In Section 4, we have defined the conditional Rényi
entropy of partitions in the studied algebraic structure. It was shown that the proposed concepts
are consistent, in the case of the limit of g — 1, with the Shannon entropy of partitions defined and
studied in [22]. Moreover, it was shown that the Rényi entropy Hj(X) as well as the conditional Rényi
entropy H;(X/Y) are monotonically decreasing functions of parameter 4. In the final part of Section 4,
we have defined the Rényi information about a partition X in a partition Y as an example for the
further usage of the proposed concept of the conditional Rényi entropy. Section 5 was devoted to the
study of Rényi divergence in (A, -). We have proved that the Kullback-Leibler divergence of states
defined on a product MV-algebra can be derived from their Rényi divergence as the limiting case for g
going to 1. Theorem 14 allows interpreting the Rényi divergence as a distance measure between two
states (over the same partition) defined on a given product MV-algebra. In addition, we investigated
the relationship between the Rényi entropy and the Rényi divergence (Theorem 13), as well as the
relationship between the Rényi divergence and Kullback-Leibler divergence (Theorem 15), in a
product MV-algebra.

In the proofs we used L'Hoépital’s rule, the triangle inequality of g- norm, and the Jensen inequality.
To illustrate the results, we have provided several numerical examples.
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As has been shown in Example 1, the model studied in this article generalizes the classical case;
that is, the Rényi entropy and the Rényi divergence defined in this paper are a generalization of the
classical concepts of Rényi entropy and Rényi divergence. On the other hand, MV-algebras enable to
study more general situations. We note that MV-algebras can be for example interpreted by means of
Ulam some games (see e.g., [35-37]). The obtained results could therefore be useful for the researches
on this subject.

In Example 2, we have mentioned that the full tribe of fuzzy sets represents a special case of
product MV-algebras; therefore, the results of the article can be immediately applied to this important
class of fuzzy sets. We recall that by a fuzzy subset of a non-empty set ) (cf. [38]), we understand
any map f : Q) — [0,1]. The value f(w) is interpreted as the degree of belongingness of w € Q) to the
considered fuzzy set f. In [39], Atanassov has generalized the fuzzy sets by introducing the idea of an
intuitionistic fuzzy set, a set having with each member a degree of belongingness as well as a degree
of non-belongingness. From the application point of view, it is interesting that to a given class F of
intuitionistic fuzzy sets can be constructed an MV-algebra A such that F can be embedded to A. Also,
an operation of product on F can be introduced by such a way that the corresponding MV-algebra is a
product MV-algebra. Therefore, all the results of this article can also be applied to the intuitionistic
fuzzy case.
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